Abstract. Using Cayley graphs and Clifford algebras, we are able to give, for every finitely generated groups, a uniform construction of spectral triples with a generically non-trivial phase for the Dirac operator. Unfortunatly D + is index 0, but we are naturally led to an interesting classification of finitely generated groups into three types.
Introduction
In this paper, we define even spectral triples for every finitely generated groups such that the phase of the Dirac operator is generically non-trivial but unfortunatly D + is index 0. We use Clifford algebra and topics in geometric group theory (see [3] ) as the Cayley graph. We start giving a first construction running for a particular class of group called C; then for the general case, we homogenize the construction. The idea is that the more we need to homogenize, the more it increases the chances that the Dirac phase is trivial. We are then led to classify the finitely generated groups into three types A 0 , A λ and A 1 according to the need of homogenization; C is a particular class of type A 0 .
Basic definitions
Definition 2.1. A spectral triple (A, H, D) is given by a unital ⋆-algebra A representated on the Hilbert space H, and an unbounded operator D, called the Dirac operator, such that:
See the article [6] of G. Skandalis, dedicated to A. Connes and spectral triple. Definition 2.2. A group Γ is finitely generated if it exists a finite generating set S ⊂ Γ. We always take S equals to S −1 and the identity element e ∈ S. We can also defined a group by generators and relations: Γ = S | R .
Geometric construction
Definition 3.1. Let ℓ : Γ → N be the word length related to S. Let G be the Cayley graph with the distance d(g, h) = ℓ(gh −1 ), see [3] .
Definition 3.2. Let p : Γ → N with p(g) the number of geodesic paths from g to the identity element e, on the Cayley graph G.
Definition 3.3. Let p s : Γ → N with p s (g) the number of geodesic paths from g to e, starting by s ∈ S. Then s∈S p s = p.
Definition 3.5. Let ℓ 2 (Γ) be the canonical Hilbert space of base (e g ) g∈Γ and let ∂ s (s ∈ S) be the unbounded operator definited by:
n+m−1 , and so
and ∂ 2 e (n,m) = me (n,m) ,
as for the canonical derivations !
Clifford algebra
We quickly recall here the notion of Clifford algebra, for a more detailed exposition, see the course of A. Wassermann [7] .
Definition 4.2. Let a v be the creation operator on Λ(R S ) defined by: 
Class C and Dirac operator
Definition 5.1. Let H be the Hibert space Λ(R S )⊗ℓ 2 (Γ), we define a selfadjoint operator D on a dense domain of H by:
Definition 5.4. Let C be the class of finitely generated group Γ such that it exists a finite generating set S ⊂ Γ (with S = S −1 and e ∈ S) such that ∀g ∈ Γ, ∃K g ∈ R + such that ∀s ∈ S and ∀h ∈ Γ (with h = e):
Examples 5.5. The class C is stable by direct or free product, it contains Z n , F n , the finite groups, and probably every amenable or automatic groups (containing the hyperbolic groups, see [2] ).
Warning 5.6. From now, the group Γ is in the class C.
then it exists X ∈ Cliff(R S ) with v = XΩ. By linearity we can restrict to X = c s 1 ...c sr with s i ∈ S and i = j ⇒ s i = s j . Warning, the following commutant [., X] is a graded commutant:
]X i Ω ⊗ e gh . Now X and X i are bounded; the result follows. Proof. We use lemma 5.3 and proposition 5.8. The phase is generically nontrivial, because it's non-trivial for Γ = Z 2 or F 2 .
Homogenization and general case
The class C doesn't contain every finitely generated group, we have the following non-automatic (see [2] ) counterexample:
